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Abstract. The effect of thermal resistance, heat leakage and internal irreversibility 
resulting from the working fluid on the performance of a Camot heat engine is 
investigated using a new cyclic model. The power output and efficiency of the 
heat engine are adopted as  objective functions for heat engine optimization. 
The optimal performance of the heat engine is analysed systematically. Some 
significant results are obtained. For example, the maximum power output and 
maximum efficiency are determined. The efficiency of the heat engine at maximum 
power output and the power output of the heat engine at maximum efficiency 
are also calculated. Curves of the power output vatying with the efficiency of 
the heat engine are obtained. These curves can indicate clearly the rational 
regions of efficiency and power output for an irreversible Camot heat engine. It is 
pointed out that all the conclusions concerning a reversible Camot heat engine, 
an endoreversible Camot heat engine only affected by thermal resistance and an 
irreversible Carnot heat engine with internal irreversibility and/or heat leakage can 
be deduced from the results in this paper. 
1. introduction 
The first goal of classical thermodynamics was 
evaluating how well heat engines perform and how well 
they might perform in an idealized limit. The idealized 
limit became the reversible Camot heat engine and its 
efficiency is 
~ l c  = 1 - Tc/Tn (1) 
where TH and TC are the temperatures of the hot and 
cold reservoirs between which the heat engine operates. 
In fact, the Camot efficiency qc is invariably far above 
the efficiency of real heat engines and hence is of very 
limited practical value, because the reversible conditions 
under which heat engines would have to operate to 
achieve Camot efficiency correspond to zero power 
output. This has resulted in the advent of a new field: 
‘finitetime thermodynamics’ [ 1-31, 
The main goal of finite-time thermodynamics is 
to seek universal limits resulting from the finite-time 
mode of operating thermodynamical processes [4]. 
Finite-time processes, besides their practical importance 
as more realistic models than those provided by 
classical thermodynamics, create a deeper understanding 
of how irreversibility affects the performance of 
thermodynamical processes. The hest studied model is 
that of the endoreversible heat engine [ 1,5141, in which 
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the heat engine is modelled as internally reversible, with 
all irreversibilities being incorporated into engine heat 
exchange with its reservoirs. Using the endoreversible 
cyclic model, Curzon and Ahlborn [l] calculated the 
efficiency 
(2) 
of a Carnot heat engine at maximum power output. 00 
the basis of the work, a series of investigations [5-141 
related to endoreversible heat engines have been carried 
out. Some new irreversible heat engine models [15-211 
have recently been proposed and many significant results 
have been obtained. These results have laid a foundation 
for studying further the optimal performance of real heat 
engines. 
Besides 
the irreversibility of finite-rate heat transfer, there 
are also other sources of irreversibility, such as heat 
leaks, dissipative processes inside the working fluid, 
and so on. Thus, it is necessary to investigate 
more comprehensively the influence of finite-rate heat 
transfer together with other major irreversibilities on the 
performance of heat engines. For this aim, we will 
establish a new general cyclic model including three 
major irreversibiIities, which often exist in heat engines, 
and use it to optimize the performance of an irreversible 
Camot heat engine. 
WA = 1 - (Tc/TH)”* 
Real heat engines are complex devices. 
An irreversible Carnot heat engine 
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Figure 1. Schematic diagram of an irreversible Camot 
heat engine. 
2. The irreversible Carnot cycle 
The cyclic system of a Carnot heat engine, including 
the irreversibilities of finite-rate heat transfer between 
the heat engine and its reservoirs, heat leak between 
the reservoirs, and internal dissipations of the working 
fluid, is shown schematically in figure 1. The working 
fluid in the system is alternately connected to a hot 
reservoir at constant temperature TH and to a cold 
reservoir at constant temperature TC and its temperatures 
are, respectively, TI and Tz. The heat engine operates 
in a cyclic fashion with fixed time t allotted for each 
cycle. Thus, after time t has elapsed, the working fluid 
returns to its initial state. All heat transfer are assumed to 
be linear in temperature differences, that is, Newtonian 
[3-6,22-251. The heat Q, transference from the hot 
reservoir to the heat engine occurs for a time f l  with 
thermal conductance K I  and the heat QZ transference 
from the heat engine to the cold reservoir occurs for 
a time tz with thermal conductance Kz. The heat QL 
leakage from the hot reservoir to the cold reservoir 
occurs during the full engine cycle time f with thermal 
conductance KL and is given by 
QL = KLVH - TcP. (3) 
Then, the heat QH transferred from the hot reservoir is 
QH = Q I  + QL = K~('GH - Ti)fi + KLVH - Tc)t (4) 
and the heat Qc transferred to the cold reservoir is 
Qc = Qz + QL = K z V z  - Tc)h + KLVH - Tc)r (5 )  
where all the heats are defined as positive. 
To obtain the simple expressions of the efficiency 
and power output, the connecting adiabatic branches are 
often assumed to proceed in negligible time [6,9,20], 
such that the cycle time t is approximately given by 
t = t , + r z .  (6) 
Owing to internal dissipations of the working fluid, 
all branches of the cycle are irreversible. The entropy 
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Figure 2. The T-S diagram of an irreversible Camot heat 
engine. 
of the working fluid in two adiabatic branches increases, 
as shown schematically in figure 2. This is different 
from the T-S diagram of an endoreversible Camot 
cycle [12]. In figure 2, AS1 and AS2 are, respectively, 
the entropy productions of the working fluid in two 
isothermal branches at temperatures TI and Tz, and they 
are defined as positive. According to the second law of 
thermodynamics, one has 
> 0. Qz Q I  
Tz Ti 
(7) 
In order to describe quantitatively the effect of the 
internal dissipations of the working fluid on the 
performance of the heat engine, we can introduce a 
parameter [ 191 
which can characterize fully the degree of internal 
irreversibility resulting from the working fluid, such that 
the inequality in equation (7) can be written as 
Equation (9) shows clearly that when IS = 1, the heat 
engine is endoreversible [l,  9,201; when IS > 1, the heat 
engine is intemally irreversible. It is thus clear that the 
cyclic model adopted in this paper is more approximate 
to real heat engines than the endoreversible cyclic model, 
because all real heat engines are internally irreversible. 
Using equations (3)-(6), (9) and the definitions of 
the power output and efficiency, we can obtain the 
expressions of the power output and efficiency 
Q H - Q c -  - Q i - Q z  P =  
t t 
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respectively, where x = Tz/T1. 
The cyclic model is very general. Various cyclic 
models have often been adopted in the literature. For 
example, the reversible Camot heat engine i s  recovered 
for IS = 1, KL = 0, KI + CO and KZ + CO; the 
endoreversible Carnot heat engine only affected by the 
irreversibility of finite-rate heat transfer is recovered for 
IS = 1 and KL = 0 and the heat engine with internal 
irreversibility or heat leak is recovered for KL = 0 or 
Is = 1. 
3. The maximum power output and the 
corresponding efficiency 
It can be seen from equation (IO) that the power output 
of the heat engine is not affected by heat leak and only 
depends on the irreversiblity of finite.-rate heat transfer 
and the internal irreversibility of the working fluid. 
When 1, = 1, the heat engine is endoreversible and 
its maximum power output is given by [1,9] 
In such a case, the efficiency of the heat engine is given 
by equation (2). When IS z 1, the power output of the 
heat engine decreases as 1s increases. It is thus clear 
that PCA is an important parameter of heat engines in 
theory, because it  determines the upper bound of the 
power output for all heat engines operating between the 
reservoirs at temperatures TH and Tc. 
For given parameters K1, Kz, TH. TC and IS, the 
power output of the heat engine is a function of TI and 
x. Using equation (IO) and the extrema1 conditions 
aP/aT] = 0 (13) 
ap/ax = o (14) 
we can find that when the power output attains 
maximum, TI and x are given by 
respectively, where C = ( I , K I / K Z ) ’ / ~ .  Substituting 
equation (15) into equation (lo), we obtain the 
relationship between P and x 
P = K ( l  - Isx)(TH - Tc/x) (17) 
where K = Kl/ ( l  + (2)’. Using equations (17) and 
(12). we can easily generate the P/Pu versus x curves, 
as shown in figure 3. Substituting equation (16) into 
equation (17), we obtain the maximum power output of 
the heat engine 
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Figure 3. The PIPcA versus x cuwes of an irreversible 
Carnot heat engine. Plots are presented for Tc/TM = 0.2 
and K, = K2. Cuwes a, b and c correspond to the cases 
of /S = 1 (endoreversible). 1.05 and 1.1, respectively. 
Now, substituting equations (15) and (16) into 
equation (1 l), we obtain the efficiency 
of the heat engine at maximum power output, where 
bl = (KL/K) (~  - Tc/TH) and b2 = IsTc/TH. When 
KL = 0, the efficiency of the heat engine at maximum 
power output is given by [19] 
tlm = 1 - ( I ~ T ~ / T ~ ) ~ / ~  (20) 
whereas the maximum power output remains constant 
and is still given by equation (18). because the power 
output of the heat engine is not affected by heat leak. 
4. The maximum efficiency and the 
corresponding power output 
It can be seen from equation (11) that the efficiency of 
the heat engine is dependent on all the irreversibilities, 
each of which can decrease the efficiency of the heat 
engine. 
When KL = 0, we obtain the efficiency of the heat 
engine 
0 = 1 - Isx (21) 
from equation (11). Obviously. q increases as x 
decreases. When x = Tc/TH, 17 attains its maximum 
0- = 1 - IsTc/TH ~ C I .  (22) 
In such a case, the power output of the heat engine 
is equal to zero. This shows clearly the fact that the 
efficiency of all heat engines is always smaller than veer 
so long as there exists the internal irreversibility of the 
worlcing fluid. Only if KL = 0 and 1s = 1 can the 
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Figure 4. The qlqc vemus x curves of an irreversible 
Camot heat engine. The values of TcJTH and K, JK2 are 
the same as in figure 3. Curves a, b and c correspond to 
the cases of /s = 1 and IG = 0, Is = 1.1 and KL/K, = 0.05, 
/S = 1.1 and KL/K, = 0.1, respectively. 
maximum efficiency of a heat engine with zero power 
output be equal to the Casnot efficiency qc. 
When K L  > 0, substituting directly equation (15)  
into equation ( l l ) ,  we obtain the following relationship 
between q and x 
because there is a relation, aP/aTi = i3q/aTl = 0, 
for equations (10) and ( 1 1 ) .  Using equations (23) and 
( l ) ,  we can easily generate the q/qc versus x curves, as 
shown in figure 4. Using equation (23) and the extrema1 
condition 
we can find that when q attains its maximum 
a q / a x  = o (24) 
Substituting equation (25) into equation (23), we obtain 
the maximum efficiency of the beat engine 
Substituting equation (25) into equation (17), we obtain 
the power output 
of the heat engine at maximum efficiency. 
engine and the corresponding power output 








Figure 5. The power output versus efficiency curves of an 
irreversible Carnot heat engine: ( a )  & = 0 and (b) & > 0. 
P, = KTH 
b:(l + K / K L ) ’ / ’ [ ( ~  + K / K L ) ’ ”  - (TC/TH)”’I’ 
(1 +bi)[bi(l + K/KL)’/’ + (TC/TH)] X 
(29) 
can be deduced from equations (26) and (27). 
respectively. 
5. The power output versus efficiency curves 
From equations (17) and (23), we obtain the relationship 
between the power output and the efficiency 
( I - ~ ( 1  + bi) + bz + l / U  2 P=KTH 1 -  
where U = ( q c ~  -1)’ - 2qb1(1- q + bz) i- (qb#. From 
equation (30). we can generate the curves of the power 
output varying with the efficiency of the heat engine, as 
shown in figure 5. 
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Figure 5 shows clearly that, when KL = 0, very 
large differences exist between q, and q- and between 
P- and P,,, of the heat engine; when K L  > 0, these 
differences decrease. Figure 5(b) shows further that, 
when the efficiency is less than q,, the power output 
of the heat engine decreases as the efficiency decreases; 
when the power output is less than P,, the efficiency 
of the heat engine also decreases as the power output 
decreases. Obviously, the working states of P e P, and 
q c q, are not the optimal operating states of the heat 
engine. In general, the heat engine should be operated 
between qm and qm or Pm and P,. In other words, we 
can determine that the rational regions of the efficiency 
and power output of the heat engine are 
?m < 11 < qmax (31) 
P a  2 P > Pm (32) 
respectively. 
In addition, when heat leakage is considered, 
the power output versus efficiency curves become 
loop shapes. The qualitative behaviour of the loop- 
shaped power versus efficiency curves appears to be a 
common characteristic of some real heat engines [26- 
281. However, it should be pointed out that, when it 
is a requirement to use different equivalent networks 
or different definitions of efficiency 18,141 to analyse 
the performance of an irreversible Camot heat engine, 
the power output versus efficiency curves may appear in 
different shapes. 
6. Optimum criteria of other key parameters 
In order to make the heat engine operate under optimal 
working conditions, the temperatures of the working 
fluids in two isothermal branches of the cycle are not 
chosen arbitrarily. Using equations (15) and (16). we 
can find that when the heat engine operates in the 
state of maximum power output, the temperatures of the 
working fluids in two isothermal branches of the cycle 
are determined by 
(33) 
respectively. Using equations (15) and (25), we can 
also find that when the heat engine operates in the 
state of the maximum efficiency, the temperatures of the 
working fluid in two isothermal branches of the cycle 
are determined by 
respectively. According to equation (31) or (32), we 
can determine easily that the rational regions of the 
temperatures of the working fluid in two isothermal 





Similarly, the times spent in two isothermal branches 
of the cycle are also not chosen arbitrarily. Using 
equations (33)-(36) and (9), we can find that the optimal 
ratio of the times spent in two isothermal branches of the 
cycle is 
whether the heat engine operates in the state of maximum 
power output or maximum efficiency. Moreover, we 
can also prove that, so long as equation (15) is satisfied, 
equation (39) is always true for arbitrw values of x .  It is 
seen clearly from equation (39) that the optimal ratio of 
the times spent on two isothermal branches of the cycle 
for an irreversible Camot heat engine is independent of 
heat leakage, but dependent on internal irreversibility 
resulting from the working fluid. This is different from 
an endoreversible Camot heat engine in which the ratio 
of the times spent on two isothermal branches of the 
cycle is only dependent on K 2 / K 1  [ I ,  201. 
Tiq > Z 2 TIP 
T z ~  f TZ < TZP 
t l / h  = [Kz/(rsK1)11~2 (39) 
7. Conclusions 
We have demonstrated how a general cyclic model, 
including finite-rate heat transfer, heat leakage, and 
internal irreversibility of the working fluid, is estab- 
lished. The model can capture the principal irreversibil- 
ity sources of some real heat engines. It is used to dis- 
cuss the optimal performance of an irreversible Camot 
heat engine. The key qualitative features of the power- 
efficiency curves of some heat engines are revealed from 
theory and the bounds of some important performance 
parameters of heat engines such as efficiency, power out- 
put and temperatures of the working fluids in isothermal 
branches, and so on, are determined. These results can 
provide the basis for both determination of optimal op- 
erating conditions and design of real heat engines. 
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